The liquid and gas flow algorithm used in LDAT
Summary:

The LDAT landfill degradation and transport model contains a liquid and gas flow sub-model. The
following is a description of the LDAT liquid and gas flow algorithm, which is the calculation
procedure that LDAT uses to solve the landfill process analytical constitutive equations. This is a
finite difference algorithm that operates upon a framework of rectangular representative elementary

landfill waste volumes.

Multi-phase multi-component landfill processes models are used to support the design of landfill
management and engineering systems that implement leachate flushing /recirculation, aeration, and
gas extraction and collection. These models have the capability to represent the multi-component two
phase flow of liquid and gas through the pore space of the solid phase of the waste material.

The constitutive equation is the implementation of Darcy’s Law which relates flow of liquid and gas
to pressure gradients and permeability in unsaturated porous materials. The permeability to liquid and
gas in saturated waste are obtained using the Powrie and Beaven permeability model that relates them
to effective stress. The relative permeability of unsaturated material is obtained using the van

Genuchten equation that relates relative permeability to the effective degree of saturation.

The solution of the constitutive equation requires the estimation of the pore space capillary pressure
which connects the liquid and gas pressure fields. This is achieved by using the van Genuchten

equation that relates capillary pressure to the effective degree of saturation.

The solution also requires a connection to be made between the solid phase of the waste and the liquid
and gas phases. This is achieved using the Powrie and Beaven dry density (porosity) model that

relates them to the effective stress.

Full details of the Darcy, Powrie and Beaven and van Genuchten equations are provided, together

with the derivation of the LDAT numerical solution algorithm.
1. Introduction

Multi-phase multi-component landfill processes models have a role in supporting the design of
landfill management and engineering systems that implement leachate flushing /recirculation,
aeration, and gas extraction and collection. There is a requirement for such models to have the
capability to represent the multi-component two phase flow of liquid and gas through the pore space

of the solid phase of the waste material.

This following describes the liquid and gas flow algorithm of the landfill degradation and transport
model LDAT. The algorithm has been significantly refined since it was first published, (White et al.

2004), and now accommodates unsaturated flow which includes a multi-component gas flow phase.



LDAT is a general model of landfill processes consisting of a set of linked process sub-models. Each
process sub-model references the same set of Primary Variables, which are sufficient to specify the
state of the waste at any point in time and space. All other variables, the Secondary Variables,
required by a sub-model are derived from the Primary Variables using a set of common constants and

empirical relationships. Examples of Secondary Variables include density and permeability.

In the case of LDAT the Primary Variables are the mass of each chemical compound in each of the

solid, liquid and gas phases mnP , together with the stresses applied to those phases. The stresses are
the total stress applied to the solid phase, o, the liquid and gas pressures, p- and p®, and
temperature T . (White and Beaven 2013).

The sub-models together effectively solve the constitutive equations of landfill waste degradation and
transport within the framework of a finite difference grid that represents the landfill spatially.

The source term of the constitutive equation is arranged to accommodate degradation, gas solubility,
gas diffusion, and the impact of temperature changes due to heat generation and transfer. The
remainder of the equation is decoupled from the solid phase terms which form the basis of the
settlement sub-model, with liquid/gas phase transport calculated in a sub-model as described in

Sections 2 and 3.

Following the description of the LDAT degradation algorithm given in (White and Beaven 2013), the
aim of this paper is to provide details of the LDAT flow algorithm.



Notation

C Subscript denoting capillary pressure see equation (16)
E Subscript denoting ‘effective’
e Subscript indexing finite difference element see Figure 1
and Note 1 below.
m Subscript indexing elements neighbouring e, see Figure
1 and Note 1 below
n Subscript indexing component
REF Subscript denoting reference value
REL Subscript denoting relative value
vh Subscript denoting vertical to horizontal ratio
D Superscript denoting dry density see equation (17)
G Superscript denoting gas phase
L Superscript denoting liquid phase
MAX Superscript denoting maximum value
MIN Superscript denoting maximum value
P Superscript denoting phase. Liquid phase P =L, Gas
phase P =L, Solid phase P =5
R Superscript denoting residual value
S Superscript denoting solid phase
A Area m?
a See equation (27) m3/kPa
B Right hand side of solution matrix, see equation(34) m?3
b See equations (28) and (29) m?
C Left hand side of solution matrix, see equation(35) m3/kPa
C See equation(31) m?
d Element dimension m
G Source flow concentration m?/(day.md)




g Acceleration due to gravity kN/kg

h Pressure head m

i Column index in solution matrix

J Mass transmissivity, see equation (20) kg/(day.m)

k,K Permeability m/day

| absolute value of distance between element centres m

M Mass transfer kg

m Mass kg
Pressure kPa

Q Volume transfer m3

S Storage coefficient 1/kPa

S’ Volumetric storage coefficient, see equation (31) m3/kPa

T Temperature °C, °K

t Time day

\% Volume m?

\Y Component flow velocity m/day

X Coordinate m

z Concentration

o See equation (16) m3/m?3

B See equation (16) m?
See equations (8) and (9)

& See equations (14) and (15)

¢ Porosity

v See equations (8), (9) and (16)

n See equation (5)

A See equation (17)




H Viscosity kPa.day
o Moisture content

P Density kg/m?
o Total stress kPa

o, Surface stress kPa

o' Effective stress kPa

S Degree of saturation

T See equation(15)

@ See equation(22) m?




2. The LDAT liquid and gas flow constitutive equations

The bio-chemical and physical processes that take place in a waste landfill may be represented
analytically by a set of algebraic constitutive equations. The solution of these equations may be
obtained numerically by re-casting them as a calculation procedure, or algorithm. This section
describes the constitutive equations and algorithm that may be used to represent the flow of the liquid
and gas phases in the waste material. These are based on those used in the landfill degradation and
transport model LDAT (White et al. 2004, White and Beaven 2013) which in turn have been derived
from a range of sources including (Darcy 1856, Bear 1979, Bear and Verruijt 1992, Ghabaee and
Rodwell 1989, Das 1983, Droste 1997, Moody et al. 1992, Hydrogeologic 1996, McDonald and
Harbaugh 1988, Bente 2011).

LDAT solves the landfill process constitutive equations using a finite difference algorithm within a
framework of rectangular representative elementary volumes. The framework for the finite difference

algorithm is a three dimensional rectangular element e as shown in Figure 1.

Neighbouring
elementsm=1to6

| _interfaceem

Elemente

Figure 1 Finite difference three dimensional rectangular element.

Note: Each element has a number, in this case e. There are six interfaces with neighbouring
elements. The interfaces are designated by the integer m = 1 to 6. The number of a neighbouring
element i is obtained from an array mapping function i = array_map(e, m).

The space occupied by the waste material in the landfill is represented by a three dimensional array of

these elements. Each element is surrounded by six neighbouring elements some of which may be



boundary elements. The array of six neighbouring elements is indexed by m= 1 to 6, Figure 1. The
suffix em attached to a variable denotes that the variable is evaluated at the interface between the
element and its neighbour m.. In the case of vectors it also denotes direction, which is positive in the
outward direction normal to the interface. A single suffix e attached to a variable denotes that the

variable is evaluated at the centroid of element e .
The waste material is represented as the assembly of a number of component chemical compounds
and species (chemical elements), each of which can exist in one or all of the three phases solid, liquid,

and gas. The conservation of the mass m;, = p.z; V., of the n™" component of the waste in phase P

en’e
(solid, liquid or gas) in the context of a representative elementary volume, V, , may be expressed by

the following equation,

am:n PP P AP P
ot :pe,nGe,nVe_zpem,n'%m,nvem,n (1)

For the gas and liquid phases Vepmyn is the interstitial flow velocity (m/day) of component n . For the
solid phase it represents the solid particle displacement velocity. G:n is the source term (m®/day/m?)
associated with component n in phase P. pg . is the component density and A, , is the area
associated with the flow or displacement velocity Vepm,n . The mass of component n in phase P can be

P . . .
"V, where Z,, , is the component volumetric concentration or volume

en-e

expressed as m,, = p, 2
fraction (m3/m3).

The mass of a component m: . IS the key parameter that LDAT calculates and tracks through time and
space.

In the process of solving equation (1), which ensures that mass is balanced, the condition Z z:n =1
n

is applied to preserve volumetric consistency. Therefore, in order to be able to apply this condition,

=]

m,, in equation (1) is replaced by p, ,z..V, to obtain,
P P P
Z.. Op oz 1
p}: atE,n Ve + ai,n Ve = GeP,nVe - p:n Zm:peFr’n,nAeTn,nvsm,n (2)

Since changes in density are due to compression or expansion accompanying changes in pressure, the
P P
Ze,n e,

P SP apf

term - may be replaced without loss of generality by z; S where pep is the phase

ot

e,n

P
e,n

pressure and S_  is a storage coefficient with units 1/kPa. For the liquid and solid phases the storage



coefficient is equal to the reciprocal of the respective bulk moduli and, for the gas phase, an is

obtained from the gas law.
The individual concentrations of the compounds z;, are related to the overall concentrations of the

solid, liquid and gas phases z_, z; and z°, and to the porosity of the solid phase ¢, by the

relationships,
2§ =>z7, and Y 7l =1
n P

L G S
g=2,+2,,1-¢ =12,

L
z
Note also that zeL is the volumetric moisture content ¢, and that the degree of saturation is ¢, = ¢—e .

e

The source terms G:n are each composed of four parts, a recharge/abstraction term, a degradation

term, a phase change term, and a diffusion/dispersion term. The way in which LDAT evaluates the
degradation term is described in (White and Beaven 2013). Since the effects of diffusion and
dispersion are dealt with in the source terms, the assumption may be made in the flow algorithm that,
for each phase, the velocity in a particular direction of each of the components in that phase is the

same.

For the liquid and gas phases the interstitial velocity v can be estimated using Darcy’s equation,

ohP
z2PvP = kP | — 3
em - em em[ aX ]em ( )

P

(a—j are the head gradients and k’, are the permeabilities of the waste in the em direction, for

X
em

the relevant liquid or gas components. The permeabilities may be expressed as,

R
Se — 6,
Kem = Keew (geE )KeFr’n Ge = gMZX _egR (4)

geE is the effective degree of saturation which falls to zero when the actual degree of saturation, &, ,

X

reaches the residual degree of saturation, geR , for the material. geMA is the maximum degree of

saturation that the material can reach, 1—geMAX being related to the residual amount of trapped gas

that will be retained by the material.



K? are the fully saturated hydraulic conductivity, and the permeability to gas in the absence of

liquid, respectively. ki, (geE) are functions of effective leachate saturation, ¢ , with values that lie
between 0 and 1, and thus modify the values of K” to allow for the impact on permeability of
partially saturated conditions.

The hydraulic conductivity of the waste in a saturated condition may be estimated using the empirical

relationship between hydraulic conductivity and effective stress o’ (kN/m?) proposed by (Powrie and
Beaven 1999).

’ n
(o2
KeIFn = kvh KFle-EF( ' j (5)
F

REI

K, Oree and 17 are empirical coefficients which will be sensitive to the condition and nature of
the particular waste being modelled. Examples of evaluations of equation (5) are shown in Figure 2.

k,, is the ratio of vertical to horizontal permeability.

In LDAT the effective stress, o’ (kPa), is calculated using,

G

o' =c—¢p" —(1—g)p
where o is the total stress applied by the load due to overburden and any applied surface load per

unitarea, o, or surface stress (kPa).



Saturated hydraulic conductivity Kt m/day
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----- LMC2 data Example data
Parameter Notation | Units |_|v|c12 EX""”‘B'e
data data
Reference permeability KIF;EF m/day 8.25 20
Hydraulic | Reference effective stress Orer kPa 40 40
conductivity | power law index n -2.71 -2.71
Surface stress O, kPa 80 50

1. Values used in (White and Beaven, 2013)
2. Values used for the modelling example described in Section 3

Figure 2 Parameters for saturated hydraulic conductivity, equation (5).

The value of K. may be adjusted for temperature through viscosity and density using the following
approach, (Das 1983). If Pp&emo and ,uF&EF,TO are the reference density and viscosity at the
temperature T, at which the reference permeability KII?_EF,TO in equation (5) has been measured, then
the permeability to a liquid with density pTL and viscosity ,uTL is given by replacing KFEEF in

equation (5) by,

L L
L L Hrer 1, Or
KREF,T = KREF,TO L L (6)

Prer 1, Hr

Equation (6) may also be used to estimate the gas permeability under conditions of gas saturation

thus,
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Examples of functional relationships between density and viscosity, and temperature and pressure are
given in Table 1.

Name Notation Formula Units
Liquid viscosity |  z* 401In(175/T) kg/m/day
Gas viscosity u° 1.264 +0.004(T —20) kg/m/day
Liquid density p- 1000 exp(pL/KL) kg/m?
Gas density p° m(p® +p,)/RT+273) | kg/m?

p"  liquid pressure kPa
p®  gas pressure kPa
p,  atmospheric pressure kPa

T temperature °C

m molecular weight kg/mole

R gas constant kN/(mole.°K)

K.  liquid bulk modulus kPa

Table 1 Density and viscosity as functions of temperature and pressure.

When there is two phase flow and the material is partially saturated, the area of liquid flow reduces

because of the presence of gas, and the permeability reduces because of capillarity effects.

An analytical expression that covers both of these effects by evaluating the liquid phase relative

permeability value, kRLEL in equation (4), is derived by (van Genuchten 1980),

L\2
L ER
o =) -1 ®
The corresponding expression for relative permeability to gas is
2}/G

kF?EL z(l_geE)dG[l_(geEVlGJ 9)

o' and 6° are pore space geometry correlation coefficients proposed by (Mualem 1976). ;/L and

7/6 are related to the parameter y in the capillary pressure function proposed by van Genuchten,

equation (16). Examples of the functions represented by equations (8) and (9) are given in Figure 3.
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Figure 3 Liquid and gas relative permeabilities equations (8) and (9)

oh® o
[a—j , the head gradient, in Darcy’s equation (3) has two components, the phase pressure head
X
em

gradient and the gravity induced head gradient in the vertical direction,

P P P
ﬂ = 1- GL +p_||53f(em) (10)
K Jom PN ) P

where, f (em) =1, em:pair of elements connected vertically, otherwise f (em)= 0.

pEP is the phase effective liquid/gas density. If the gas and liquid phases are assumed to be fully

mixed, the effective density for both phases will be,
pe = pg =gpt +[1—¢)p° (11)
where ¢ is the degree of saturation.

However it is conceivable that the phases will not fully mix but will remain separate to a certain

degree. Suppose that when the degree of saturation is ¢ , the degree of saturation of the gas is actually

&% . This means that if the volume of gas presentis V®, ¢®V © of the gas is replaced by liquid and

the mass in the gas phase becomes p°®V © +gGVG(,0L —pG)

Thus the effective density of the fluid (liquid and/or gas) fraction controlled by the gas phase pressure

is given by,
pE=%pt +(1-&%)p° (12)

The corresponding mass in the liquid volume V", will become p“V/* —gG‘VG(pL —pG) and,



G

Pe =pL—86(\\;—Lj(pL—pG)=pL—EG(pL—ps)@ (13)

Equations (12) and (13) give a range of gas and liquid effective densities from conditions where the

phases are completely separated to fully mixed, as &% varies from0to ¢ .

This concept of effective density may be used in a modelling context by devising a simple algebraic
functional relationship between g% and ¢. The relationship given by equations (14) and (15) is
employed in LDAT. The characteristic shape of this relationship can be varied by choosing

appropriate values for the parameters ¢ and z .

=0 S <Grer (14)

EG=(ﬂJ Grer <6 <1 (15)
1-Grer

An illustration of the impact of this function on the liquid and gas densities is given in Figure 4 for

crer = 0.2 and 7 =5. The effect of this refinement analytically is that the two phases are treated as

separate as far as density is concerned over the lower range of saturation but tend towards the fully
mixed density values over the higher range of saturation. Fully mixed conditions, equation (11), are

modelled throughout when ¢z =0 and 7z =1. Since no mixing takes place when ¢ < Gpee , fully
separated conditions are modelled throughout when ¢ is set equal to 1. For intermediate values of
crer the effective liquid and gas densities used to evaluate the vertical head gradients for each phase

using equation (10) change from the separated values to the fully mixed values as ¢ varies from
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Figure 4 Effective liquid and gas densities



As will be seen in Section 3 the solution of equation (2) requires there to be a relationship between the
liquid and gas pressure fields, p- and p®. This is obtained from the capillary pressure
pc = p® — p- which may be obtained by using the (van Genuchten 1980) expression relating p. to

the effective degree of saturation,
1
1 B
P =”—Lg((f) y—j (16)

In equation (16), as the value of ¢ approaches the residual degree of saturation, and ¢ tends to

zero, the capillary pressure becomes infinitely large. In LDAT to prevent the value of p. becoming

E,MIN

unrealistically large it is capped at 100 kPa at a small value of ¢, ¢ =0.01. In equation (16)

% =1—% so that the function has essentially four parameters o, f ¢ and ¢"* . If the function is

; E E,MIN . .
also constrained to cap the value of p. to pY*at ¢~ =¢ " , then « isalso a function of B,
1
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LMC2 Example
data data
B 2 2.5
a 9.81 2.11

Figure 5 Capillary pressure, equation (16)

It is generally accepted that the shape of the relationship P (gE) will change depending on whether

or not the material is in the process of increasing or decreasing in saturation (imbibing or draining).

This hysteresis effect is very complicated and is not presently modelled in LDAT.



When equation (2) is written separately for the liquid and gas phases, and the resulting equations are

- . ozr oz° 04,
added together to solve for the liquid and gas pressure fields, the term Ee + E" = Ee emerges.

% is in fact the term that couples the liquid and gas phase equations to the solid phase and may be

calculated using the Powrie and Beaven (1999) relationship for dry density peD , Figure 6.
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Parameter Notation | Units LMC2 Example

data data

Reference dry density Prer kg/m? 388 388

. Reference effective stress Orer kPa 40 40

Dry density -

Power law index A 0.248 0.248

Overburden o, kPa 80 50
Porosity Material density ps kg/m?® 1200 1200

Figure 6 Dry density and porosity profiles



3. Finite difference algorithm for the liquid and gas flow sub-model

The constitutive equations described in Section 2 are solved in LDAT within the framework of a two
dimensional rectangular grid of constant volume elements that descretise the space occupied by the
waste. Boundary conditions and initial conditions are prescribed for the concentrations of all of the
compounds present, and the equations are solved numerically in time and space using the finite

difference method.

In each time step the sub-models which affect the source term, such as the bio-degradation and phase

change algorithms, are run first to evaluate G:n in equation (2). These calculations are based on the

conditions at the beginning of each time step whilst they should be based on conditions that are
averaged over the time step. The error caused by this emerges as a volumetric error in that at the end
of the time step, whilst the model mass balance is conserved, the volume of the contents of an

element, V. ,will be calculated to be different from the physical volume of the element, V, . This may

be remedied by repeating the calculation in an iterative loop, or by adjusting the source term with a

volume numerical correction term AV, =V, —V, during the next time step, see equation (31). The

latter approach is used in LDAT to avoid the excessive computation times caused by the iterative
approach.

To develop the finite difference algorithm for the liquid and gas flow sub-model, equations (3) and
(20) are first substituted into equation (2). Equation (2) is a set of three groups of equations, one group
for each phase, with each group containing the individual equations for each component n. By

adding together the equations in the liquid and gas phase groups, and using equation (16), an overall
flow equation for the gas pressure, p®, may be obtained and solved numerically to give the transient

gas pressure field.

Once this has been done, the process is reversed to back calculate the liquid pressure field from
equation (16) and the overall mass transfers in the system from equations (3) and (10). The individual
compound concentrations and masses can then be obtained from a further back calculation using the
equations represented by equations (1) and (2). The details of this derivation of the flow algorithm are

as follows.
The summation in the last term in equation (2) is first written in the following finite difference form,

ke, [ Ah®
D PinaAncVin = 2= PinonAmn ﬂ(_j

zb | AX

= Zpe'?n,n %A%Im—@n(hep - hrlr:; ): Z‘]eFr’n,n(heP - hr: ): Z‘]eFr’n,nAhe':n (19)

m em em



Where,

P P
Zenn Ak
P _ P em,n m'em
‘]em n~— /Memn p I (20)
em em

and is calculated according to the fluid phase and the direction of flow; that is, if h} > h’ then

kP =k otherwise k2 =k”. pi ., z. , and z© are treated similarly. h” is the fluid phase head

at the centre of element e.

Itis assumed that A, , =z, A -
A, is the area of the interface between elements e and m.

|, is the absolute value of the distance between the centres of elements e and m.

Using equation (10) gives,

1 EP
(pe pm) pem (Xe_xm): P +pL;nAXem

AR? =h° —h? =
noE Pend P Pend Pem

Thus in equation (19),

1
Z‘]er;w nAhp = Z(pp em, nApem pem ‘]eFr’n nAX ]

em g em

:_Z(pTlg‘]e’in,npri]—i_pez emn+zpem ‘]emn

emg

AX,, =X, — X, is the distance between the centres of elements e and m and is calculated taking

into account sign and expressed as a positive or negative quantity. Note that Ax,, =0 when the

elements e and m are not connected vertically.

The densities p., and pZ:” are weighted values across the em interface thus,

P — pefde +,0rid
em 2l

pefd, + pifd
dpeE:_ 2| pm

em em

d, and d, are the lengths of elements e and m in the em direction. p° and p®; are the overall

phase densities and overall effective phase densities in element e.

Dealing with all of the terms in equation (2) we have,
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2250V, AP Ly A _
At

At
1 1 1 1 p
G:V +— ( ‘]emnpmj pf_ em,n B ‘]emn (21)
e Zm: Pind g Zm:ping Pin ;
Writing,
ZAt Jenn (22)
n Pe n

and summing equation (21) over the components in each phase, we can obtain the aggregated two

fluid phase equations.
Thus for the gas phase,
S pee
2SSV ApS + AZ8V, =V AtG? + Z(ng prfj g Z oM AX,,  (23)

For the liquid phase,

L L
'S AL + A7V, =V AtG + [ﬂ p;J— ) P pem AX,,
; Pand ;pem ; Pan

Or using equation (16), p. = p® — p", and assuming that p. is constant during the time increment,

L
2-SYW,ApL + Az, = V,AtG! + Z( mJ pey Len_
m pemg

+ Dy Apem L pem AX
; pem Z ,0 em (24)

Introducing for convenience the additional variables a and b equation (23) and (24) become,

2o SOV,APS + Az V, =V AtGS + > ag pe — e Y .ag, — > b,

(25)
2SVAP, +AZV, =V MG, + ) ag Pe — P D 8m — D be + D bg
m m m m (26)
aP — a)eFr’n
em p
Pem9 (27)

pem g (28)



bP = (:T] pem AX empem gAX
pem (29)

These two phase equations are now combined, with use being made of the fact that
AZ8 + Az- = Ag,

and the notation,

L/G

B = By + By

bL,© b, + b5

GL'® =G +G¢

Also note that ApL = ApS = Ap, . Again for convenience we will now write p, = pg to obtain by

adding equations (25) and (26),

The change in porosity term, Ag,V, is the term that decouples the flow equation from the solid phase

equations that are used in the settlement sub-model of LDAT to calculate the transfers of the solid

phase components in and out of a finite difference element. A@.V, may be estimated using equation
(18), Ag, =2>S?Ap, . This approximation can result in a difference between the dry density
calculated by the algorithm, p’®, and that calculated by equation (17) p” . This can be corrected by

adjusting the source term with a density numerical correction term AV” =0. 5( —-p )/ /p ,

see equation (31).
Introducing

! =(288% + 28t + 258V,
b, =X b + 205,
C. =V.AtGL® + AV + AV (31)

equation (30) becomes,

SiAp, =b,+C,+> an°p, — P Z L/G (32)



This is a set of linear equations, one for each element in the array, which over the time increment from
t to t+ At may be solved for p!** given p!, when appropriate boundary and initial conditions are

specified. Substituting,

t+At

P + P,
2

t+At

Ap, = p;"" —p; and p, =

into equation (32) gives,

Si(pi™ —pt)=b. +c, +Z%a“e( S ph )= (pr + pl Y g Al

m

or,

m m

P Y LUE LI LA S ST RNC
m

Equation (33) is a set of N, equations corresponding to the number of active equations which may be

written in matrix form where e becomes the row number and i is the column number being the

element number corresponding to interface m and obtained from an array mapping function

i=array_ map(e, m), see Figure 1.

[clp]= 8] (34)
aeL/G
ei =2 %m
(Zl a’® +s! j
B - pe 2 eLm/G Z%aeLn:G pm

Note that the total volumetric phase transfer across an interface em in time At is (positive outwards)
AQ, = a5, Apg, +be,

This is related to the mass transfer of phase component n by,

P
AME, = A7, AQm
em

Again positive outwards.

The volume of the component n transferred in time At across the interface em depends on the

density in element e or element m:



1

A(geFr)n,n :_PAMefn,n for element e
e,n
And
AQE,, =~ AMP,, forel
Qem,n -~ pr emn 10T€ ement m

m,n

These volume transfer equations are used in LDAT to regulate the value of At so that the changes in
the overall phase volume in an element, and the volume numerical correction in equation (31), are
limited to around 5% in any time step. This level has been found to produce stable calculations that

balance the mass throughout the model and provide volumetric consistency.
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